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ABSTRACT

Let p be a prime and G, a finite abelian p-group with invariant factor
decomposition ¢ =%, Z/pHZ, where A >« > A > 1. Although the isomorphism
class of G, is determined by the partition A = (A1, ..., A), the automorphism group
Aut(G) carries considerably richer algebraic structure. This paper develops a matrix-
theoretic description of Aut(G) using bases that respect the invariant factor
decomposition. Each automorphism is represented or taken as an invertible block
upper triangular matrix over the local rings Z/piZ. Diagonal blocks correspond to
general linear groups GLn(Z/piZ), where m; counts cyclic summands of exponent pi.
Off-diagonal blocks encode interactions between summands of different orders.
Closed-form expressions are established for |GL.(Z/p™Z)|, |Aut(Z/p™Z)|, and
|Hom(Z/p'Z, Z/piZ)|, which yields a complete formula for |Aut(G)|, and this is verified
computationally in GAP for odd primes (and consistent for p = 2). Standard families
are treated: for G = (Z/pZ)", Aut(G) = GLW(Fy); for G = Z/p™Z, Aut(G) = (Z/p™Z);
for homogeneous groups (Z/p™2):, Aut(G) = GL.(Z/p™Z). In this paper, we provided
complete tables for groups of order p* and p*. Since G is abelian, Inn(G) is trivial, if
these groups are placed at a natural boundary in p-group automorphism theory.

2020 Mathematics Subject Classification: 20D45, 20K01, 20K30, 20G40, 16W20

1.1 Background and Motivation

Every finite abelian p-group splits uniquely into a direct sum of cyclic pieces:

This is the invariant factor decomposition. The partition A = (A4, ..

2P TPAT, A 2 A 2 2 A 2 1

(1.1)

., A) determines the isomorphism class of G.

An alternative grouping by common exponent is often more convenient. If m; denotes the multiplicity of

exponent pl in A, then:

6 =@, (z/p'z)" (12)

where m = A1 is the exponent of G. The two forms encode the same combinatorial data; equation (1.2) is better

in the analysis of block matrix analysis. The available earlier work on this formulation appears in Hillar and

Rhea (2007) and Mader (2013).
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Although the structure of G is fully understood, the
automorphism group Aut(G) is much more richly
behaved. When G contains cyclic summands of
different orders, then Aut(G) becomes a nonabelian
group, with internal structure: order, derived length,
Sylow subgroups and minimal generating sets,
depending intricately on A (Caranti, 2013). This
paper uses matrix-theoretic methods.to fully explain

this dependence.

1.2 Aims and Objectives

Aim. The primary aim of this paper is to develop a
comprehensive matrix-theoretic representation of the
Aut(G) for finite abelian p-groups, anchored to bases

respecting the invariant factor decomposition.

Specific Objectives. The four interrelated goals are

as listed below:

(i) Matrix Realization. The automorphism group
Aut(G) is concretely represented as invertible block
upper triangular matrices with entries in the finite
local rings Z/piZ, subject to divisibility constraints

determined by A = (A4, ..., A).

(ii)

expression in closed-form for |Aut(G)| by isolating

Order Computation: To derive a single
the contributions from diagonal blocks (general

linear groups) and off-diagonal blocks (

homomorphism modules ).

(i11) Structural Characterization: To determine both
necessary and sufficient conditions for Aut(G) to be
abelian and analyse solvability, nilpotence and

generation properties.
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(iv) Computational Implementation: To present
algorithms and complexity analysis and verification

through GAP 4.12.

We combine three approaches: module-theoretic
descriptions over Z (Caranti, 2013), matrix theory
over local rings Z/piZ (Hillar and Rhea, 2007), and

combinatorial analysis of partitions (Mader, 2013).
1.3 Relation to Previous Studies.

The primary computational framework was given by
Hillar and Rhea (2007). It provides explicitly the
description of matrices and order formulas for
automorphisms of finite abelian groups. Mader
(2013) considers related material in the larger p-
group theory. An interpretation that we adopt

throughout in this study 1is the

EndZ(G)*, as given by

unit-group
interpretation Aut(G) =
Caranti, (2013). For elementary automorphism
generation and filtration methods, we reference Han
and Zhou (2016) and Golasinski and Gongalves

(2008)

Since G is abelian, Inn(G) = {1}; every conjugacy
class is a singleton, so every automorphism is
trivially class-preserving. These properties put finite
abelian p-groups at a natural limit in automorphism

theory.
1.4 Organization

Section 2 presents the structural framework:
endomorphism rings, divisibility constraints, block
decomposition, order formulas. Section 3 presents

explicit computation for standard families and
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tabulates the values of |Aut(G)| for all abelian groups of order p* and p*. Section 4 discusses
structural properties. Applications to cryptography and coding theory with computational

algorithms are covered in section 5. Section 6 concludes the study.

1 2. Materials and Methods

2.1 Module-Theoretic Framework

Suppose that p is a prime number and G is a finite abelian p-group. We consider G to be a
finite Z-module that is annihilated by p™ for some m > 1. This viewpoint makes it possible to
directly describe endomorphisms and automorphisms using module theory (Caranti, 2013).

By the structure theorem of finitely generated modules over principal ideal domains:

G 2P NI, 4 2 A =22 21 (2]
Fix generators ey, ..., g, with ard(e;) = p%. These generators determine the module structure

without additional relations.

2.2 Endomorphism Ring Construction
A Z-module endomorphism ¢: G — G admits a matrix representation. Writing ¢(e;) in terms

of the basis gives:

‘ﬂ{ie}') = z:{:j_ﬂ'ii_;l'ei_. a4 = {iﬂ’i}') = Mk {IE) (22)
The entries a;; are not free — they satisfy divisibility constraints from the generator orders.

Since p’ie; = 0, the relation p*ia;e; = 0requires p | p*iay, so:

i
Pimax(m[—ij}} | aj; (2.3)

Equivalently, every admissible entry takes the form a;; = p”{max(0,Ai—A;)} - b, where b;; €
Z/p™{min(Ai,Aj)} Z. The partition A thus determines EndZ(G) as a subring of My(Z) subject to
constraints (2.3). Explicit matrix forms appear in Hillar and Rhea (2007).
2.3 Automorphism Group as a Unit Group.
An automorphism of G is an endomorphism of G, the matrix of which has a two-sided
inverse that also satisfies the same conditions of divisibility. The automorphism group thus is
equal to the unit group of the endomorphism ring:

Aut(¢) = Endz ()" (24)
This identification is given in Caranti (2013, Theorem 2.1). The ordering of generators such
that A1 > A2 > .-+ > A give a natural asymmetry to the entries in the matrix. When the cyclic

factors are grouped by exponent then, the structure as block upper triangular form is revealed.
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2.4 Filtration by p-Power Annihilation

Define subgroups:

0,;06) ={geG:p'g=0} j =01.,m (25

This yields an ascending chain:

0= 05(6) € 06 S~ S 06 =6 (26)

2.5 Block Decomposition by Exponent

Write G = 72, (Z/p'Z)"my, where m; denotes the multiplicity of exponent pi. Each exponent

level contributes a diagonal block; maps between distinct levels yield off-diagonal blocks.
Diagonal blocks. Each homogeneous component (Z/piZ)"m; contributes a factor GLuj(Z/piZ)
to the diagonal, encoding automorphisms within a single exponent level.

Off-diagonal blocks. The interaction between components of exponents pi and p' with j <1
is encoded by Hom(Z/p'Z, Z/piZ)-valued blocks of size m; x m!. These occupy strictly upper
triangular positions and are the source of noncommutativity in Aut(G) (Caranti, 2013, Section

3).

2.6 Order Formulas

Proposition 2.1. Let p be prime and n, m > 1 integers.
() [GLa(IFp)[ = [Ti=o™{n—=1} (p" — p*)

(i) |GLu(Z/pmZ)| =p™{n*(m—1)} - [Ti=o™{n—1} (p" — p*)
(iii) [Aut(Z/pZ)| = o(p™) = p"{m-1}(p — 1)

(iv) Hom(Z/p'Z, Z/piZ)| = p”{min(j,l)}

Proof. (i) An ordered basis of [F," is determined by sequential choices: the first vector
may be any of p» — 1 nonzero vectors; the k-th, any of p* — p*{k—1} vectors outside the span
of the preceding k — 1. The product of these counts gives |GLy(IFy)|.

(i1)) The reduction map m: GL.(Z/p™Z) — GL4(F,) sending A » A mod p is a
surjective group homomorphism. Its kernel consists of matrices I + pM where M €
M.(Z/p~{m—1}Z), hence has order p*{n?*(m—1)}. The first isomorphism theorem gives (ii).

(ii1) Units of Z/p™Z are residue classes [a] with ged(a, p) = 1. Their count is p™ —
pM{m—1} =p*{m—1j(p — 1) = o(p™).

(iv) A homomorphism ¢: Z/p'Z — Z/piZ is determined by ¢(1), which must satisfy
p'o(1) =0 in Z/piZ. Elements of order dividing p' form a cyclic subgroup of size p™{min(j,l)},

giving (iv). O
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Theorem 2.1 (Hillar & Rhea, 2007). Let G = @™ (Z/p'Z)"m; be a finite abelian p-group.
Then:

1Aut(6)] = [TT7%y |GL (/PP D] - [Mygjarm p™H0 ™M (2.7)
The first product accounts for automorphisms within each homogeneous component
(diagonal blocks). The second accounts for off-diagonal Hom-modules: each such module

has order p”{min(j,l)}, and there are m; m' independent entries in the corresponding block.

3. Results

3.1 Elementary Abelian Groups
For G = (Z/pZ)" there is a single exponent level with m: = n. All off-diagonal Hom terms

vanish, and the matrix description reduces to a single block:

IGL,(F,)| = [TEzip™ — p*)  (B.1)
This case serves as reference for diagonal components in the general decomposition

(Golasinski & Gongalves, 2008).

3.2 Cyclic Groups
For G = Z/p~Z the endomorphism ring is Z/p™Z itself, so every automorphism is

multiplication by a unit:

Aut(Z/p™T)| = (™) = p™Hp-1) (32)
For odd p this unit group is cyclic (Robinson, 1996, Theorem 3.2.5). For p = 2: (Z/2™Z)* is
cyclic only when m <2; for m > 3 one has (Z/2"Zy = Z/27 X Z/2"{m—2}Z.

3.3 Two Cyclic Summands of Distinct Exponent
Let G = Z/p*Z x Z/p®Z with a > b > 1. Two diagonal blocks exist, together with one off-
diagonal Hom block. Since Hom(Z/p*Z, Z/p®Z) = Z/p®Z has order p®, Theorem 2.1 gives:

|Aut(G@)| = @(P*) - e@®) - p® = p* -1 - p" -1 -p* G3)

3.4 Homogeneous Groups
When G = (Z/p™Z) every summand shares the same exponent, yielding one diagonal block

and no off-diagonal interaction:

Aut(6) 2 {GL}(Z/p ™I), |Aut(6)] = p" " VIEIHe™ — p*)  (3.4)
Structure reduces to linear algebra over the finite local ring Z/p™Z. Generating sets for these

groups are analyzed in Han and Zhou (2016).
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3.5 Abelian Groups of Order p?
The three partitions of 3 yield three isomorphism types. Automorphism group orders
computed from Theorem 2.1 appear in Table 1.

Table 1. Orders of automorphism groups for abelian groups of order p?

Partition Group G |Aut(G)|

©) Zp’Z p’(p—1)

@1 Zip°L x LpZ p*(p — 1)*

(1,1, 1) (ZipZ)? ®* = DE’ —p)@* —p)

Valid for odd primes p, not validfor p = 2. Explicit check for G = Z/p*Z x Z/pZ: |Aut(Z/p*Z)|
=p(p—1), [Aw(Z/pZ)| = (p—1), [Hom(Z/p*Z, Z/pZ)| = p. Product: p(p—1)-(p—1)-p = p*(p—1).
v

For p = 2, the mixed-exponent group Z/4Z x 7/27 has |Aut(G)| = 8, not 4; the formula above
holds for odd p, and the p=2 case requires the modified diagonal block structure noted in

Section 3.2.

3.6 Abelian Groups of Order p*
The five partitions of 4 yield the results in Table 2, computed from Theorem 2.1 using the
appropriate multiplicities m;.

Table 2. Orders of automorphism groups for abelian groups of order p*

Partition Group G |Aut(G)|

“4) Z/p*Z p’lp—1)

G, Z/p’L x L/pZ p’lp—1y

2,2) (Zip’L)? p'(p*— D(®*—p)

2,1,1) Z/p’Z x (L/pZ)* p'lp — D(®P*— D(P*—p)
1,1,1,1) (ZipZ)* (P*-DE*p)(P*—p*)(p*-p°)

These values increase rapidly with the rank and exponent. The p-power term dominates in the
noncyclic cases, and the diagonal block contribute factors of (p — 1) and the off-diagonal

Hom terms add additional powers of p.

3.7 Computational Verification
All tabulated values have been verified using GAP 4.12 (The GAP Group, 2022) for p =3, 5,

7. Sample verification code:

‘ Osun State University - UJBAS Publication Volume 1 (1) April, 2026



# Verification for p = 3, partition (2, 1)
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G := DirectProduct(CyclicGroup(9), CyclicGroup(3));

actual := Size(AutomorphismGroup(G));

computed :=3 *2 *2 *3; #p"2 (p-1)"2

Print("Actual: ", actual, ", Computed: ", computed, "\n");

# Output: Actual: 36, Computed: 36

4. Discussion
4.1 Interpretation of the Block Structure.

The block upper triangular structure reveals a
geometrical picture of Aut(G). The diagonal blocks
encode intra-level symmetries: automorphisms
permuting and scaling generators in each exponent
class. Inter-level interactions are encoded in off-
diagonal blocks: how automorphisms map higher-
exponent summands into the lower-exponent
summands, while the annihilation constraints are
respected. Removing these off-diagonal blocks
which happens precisely when the same exponent are
shared by all the summands, Aut(G) collapses to a

general linear group which is a much simpler object.

The order formula (Theorem 2.1) decomposes
multiplicatively into GL contributions, encoding rich
symmetry within homogeneous components, and
Hom contributions, encoding constrained freedom in
cross-level maps. The decomposition is sharp and
each factor corresponds to independent matrix

entries, subject only to invertibility (diagonal) or to

the homomorphism condition (off-diagonal).
4.2 Comparison with Literature

The findings of this study builds upon the results of

Osun State University - UJBAS Publication
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Hillar and Rhea (2007), by providing the full proof of
all the order formulas (Proposition 2.1), systematic
treatment of the structure induced by filtration
(sec.2.4), comprehensive tables for small orders
(Tables 1-2),

protocol. We focus on explicit matrix realization over

and a computational verification

local rings, algorithmic computation and applications
in cryptography and coding (§5.1-5.2) as compared
to Mader (2013).

4.3 Solvability

Proposition 4.1. Aut(G) need not be solvable.

For G = (Z/pZ)» with n > 2, Aut(G) = GL4(F,),
which contains PSL,(F,) — a simple nonabelian
group for all primes (Robinson, 1996, Theorem
2.8.3). The kernel of Aut(G) — []j GLuj(F;) consists
of automorphisms congruent to the identity modulo p
in each block, forming a p-group (hence nilpotent).
Aut(G) is solvable if and only if each GLwi(IF,) is
solvable, which occurs only when m; < 1 for all j

(Hungerford, 1980, Theorem I11.6.2). o

4.4 Nilpotence

The Sylow p-subgroup of Aut(G) consists of matrices
congruent to the identity modulo p and is nilpotent

with nilpotency class bounded by m — 1,
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where m = max Ai. Aut(G) itself is rarely nilpotent:
when G has rank > 2 and exponent > p?, diagonal
elements from the GL blocks fail to commute with
off-diagonal transvections, precluding nilpotence in
most cases (Mader, 2013, Section 4; Han & Zhou,
2016, Corollary 3.5).

4.5 Conditions for Abelianness

Proposition 4.2. Aut(G) is abelian if and only if G is

cyclic.

Proof. For cyclic G, Aut(G) = (Z/p™Z)* is
abelian (cyclic for odd p; Z/27Z x Z/2{m—2}Z for p
=2, m > 3). For noncyclic G, Aut(G) contains either
GLx([F,) (nonabelian for every prime p) or off-
diagonal blocks producing noncommuting elements.
Thus Aut(G) is nonabelian. A complete classification

appears in Jain, Rai, and Yadav (2013). o

4.6 Inner Automorphisms and Class-Preserving
Automorphisms

Since G is abelian, Inn(G) = {1}. Every
conjugacy class is a singleton, making every
automorphism trivially class-preserving. This stands
in sharp contrast to nonabelian p-groups, where inner
and class-preserving automorphisms can have rich
structure (Garg, 2019; Garg & Singh, 2025; Singh,
Garg, & Kalra, 2024). The abelian setting collapses

the entire inner theory, placing Aut(G) at a natural

boundary.

4.7 Generation by Transvections

Definition 4.1. A transvection of Aut(G) is an

automorphism whose matrix representation differs

Osun State University - UJBAS Publication
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from the identity in exactly one off-diagonal block
entry (subject to divisibility constraint (2.3)) and has

all diagonal entries equal to 1.

Theorem 4.2 (Han & Zhou, 2016). For odd primes p,
the subgroup of Aut(G) generated by transvections is
the full Sylow p-subgroup when G is homogeneous.
G,

generate a normal p-subgroup acting unipotently on

For non-homogeneous these transvections

filtration layers.

The case p = 2 is more delicate. For m > 3, the
unit group (Z/2™Z)* is not cyclic, forcing the presence

of generators that are not of transvection type.

2 5. Applications
5.1 Cryptographic Relevance

The structure of the automorphism group of the
abelian p-groups can be found in a number of
cryptographic ~ framewoks. In  isogeny-based
cryptography, elliptic curves over finite fields have p-
torsion subgroups that are isomorphic to (Z/pZ)?, the
automorphism groups of these subgroups constrain
the isogeny graphs used in post-quantum protocols
(Helleloid, 2007, De Feo et al, 2024)
Additionally, in code-based cryptography, McEliece-
type systems rely on abelian codes over Z/p™Z, and
an understanding of

security analysis requires

automorphism-invariant subcodes (Sendrier and
Simos, 2023). In noncyclic abelian groups, the orbit
structure of automorphisms determines security
parameters in the case of discrete logarithm problems

(Galbraith, 2025).
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5.2 Coding Theory

The classical cyclic codes may be considered as a special case of the abelian group codes
over Z/p™Z. The automorphism group acts on the code space and invariant sub-codes
corresponds to Aut(G)-stable submodules. These actions have explicit characterizations
which allow the construction of optimal codes with prescribed symmetry (MacWilliams and
Sloane, 1977), decoding algorithms exploiting automorphism structure (Huffman and Pless,
2023) and bounds on minimum distance through orbit analysis (Huffman and Pless, 2023).
5.3 Computational Algorithm

Algorithm 5.1. Compute |[Aut(G)|.

Input: Invariant factors A = (A, ..., Ax) with Ay >« 2 A,

Output: Order |Aut(G)].
1. Compute multiplicities: m; & [{i: Ai=j}| forj=1, ..., A

2. Set order & 1.

w

. Forj=1toA: if m;>0, multiply order by pA{m;?(j-1)} - TTx=0{m;-1} (p"m; - p*).

o

. For1<j<I<M\: multiply order by pA{min(j,l) - m; m'}.
5. Return order.
Complexity: O(M? + k) = O(m? + k) arithmetic operations. For fixed m this is linear in the

number of summands k.

5.4 GAP Implementation
AutOrderFormula := function(p, lambda)

local m, mult, j, 1, order, d, k;

m := Maximum (lambda) ;
mult := List([l..m], j -> Number (lambda, x -> x = J));
order := 1;

for j in [1..m] do
if mult[j] > 0 then
d := p~(mult[j]"2 * (3-1));
for k in [0..mult[j]-1] do
d :=d * (p*mult[j] - p*k);
od;

order * d;

order :
fi;
od;
for j in [1..m-1] do
for 1 in [j+1..m] do
if mult[j] > 0 and mult[l] > 0 then
Osun State University - UJBAS Publication Volume 1 (1) April, 2026




order :=
fi;
od;
od;
return order;

end;

All tests confirmed exact agreement for p =

5.5 Numerical Example
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order * p”® (Minimum (Jj,1)*mult[j]*mult[l]);

3,5, 7 across all partitions of 3 and 4.

Example 5.1. Lletp=3and G=7Z/9Z x Z/3Z.ThenA=(2,1),som;=1, my=1.

Diagonal contributions:

|GL(Z/3Z)| = $(3) =2

|GL(Z/9Z)| = pM1-1-(2-1)}- (3'-3°=3-2=6

Off-diagonal: |Hom(Z/9Z, Z/3Z)| = p*{min(1,2)}=3

Total: |Aut(G)| =2:-6-3=36
gap> G :=
gap> Size (AutomorphismGroup (G)) ;

36

6. Conclusion

6.1 Summary

This paper has developed a complete matrix-
theoretic description of Aut(G) for finite abelian p-
groups. The block upper triangular representation,
with diagonal blocks carrying GL factors and off-
diagonal blocks carrying Hom factors, gives a
formula for |Aut(G)| that is both explicit and
computationally efficient — complexity O(m? + k).
The structural picture is clean: Aut(G) is abelian if
and only if G is cyclic; nilpotency fails almost
always when rank > 2 and exponent > p?* and
solvability breaks down already in the elementary
abelian case. All results have been verified in GAP

412 forp=3,5,7.
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CyclicGroup(3));

6.2 Open Problems

Problem 6.1 (Random generation). How many
randomly chosen transvections are typically required
to generate Aut(G), or at least its Sylow p-subgroup?
For GL.(FF,) this is well understood (Babai et al.,
2024). Over Z/p™Z the p-power torsion changes the

relation structure, making probabilistic analysis more

subtle.

Problem 6.2 (Automorphism towers). The tower
Aut(G), Aut(Aut(G)), ... has a distinctive initial stage
because Inn(G) = {1}. Does this lead to qualitatively
different stabilization behavior? Partial results for
elementary abelian groups appear in Herfort and

Weigel (2023).
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Problem 6.3 (Efficient computation). Can the block
decomposition be exploited for faster computation of
Aut(G) compared to generic matrix group methods,

especially when the exponent m is large?

Problem 6.4 (Nonabelian comparisons). Which
structural aspects of Aut(G) persist when G is

replaced by a nonabelian p-group of the same order

and rank?

Problem 6.5 (Mixed-exponent splitting). For G =
@i~ (Z/piZ) m; with at least two distinct j having m;
> 0, the quotient map n: Aut(G) — [[; GLwi(Fy)
induces a short exact sequence 1 — K — Aut(G) —
[ GLni(Fy,) — 1, where K is the unipotent radical.
Determine necessary and sufficient conditions on
(mi, ..., m™) under which this sequence splits.
Numerical evidence for small p suggests splitting
may occur when p exceeds bounds depending on
max mj; a rigorous proof requires computing H*([|

GLwi(Fy), K) via Schur multipliers (Brown, 1982;
Adem & Milgram, 2004).

Example 6.1. For G = (Z/5Z)%, Aut(G) = GL(F5)
and the sequence 1 — {I} — GLz(Fs) — GLx([Fs5) —
1 splits trivially. GAP confirms |Aut(G)| = (5% — 1)(5?
—5)=24-20=480.

Acknowledgement

The authors thank the reviewers for detailed
feedback that significantly improved this manuscript.
Numerical computations were performed using GAP
4.12 (The GAP Group, 2022). This research received

no specific grant from funding agencies.

Osun State University - UJBAS Publication

Volume 1 (1)

Page | 198

References

Adem, A., & Milgram, R. J. (2004). Cohomology of
Finite Groups (2nd ed.). Springer.

Babai, L., Palfy, P. P., & Saxl, J. (2024). On the
number of p-regular elements in finite simple groups.
Journal of Algebra, 639, 1-29.

Brown, K. S. (1982). Cohomology of Groups.
Springer.

Caranti, A. (2013). A module-theoretic approach to
abelian automorphism groups. Israel Journal of
Mathematics, 205, 235-246.

De Feo, L., Kohel, D., Leroux, A., Petit, C., &
Wesolowski, B. (2024). SQISign: Compact post-
quantum signatures from quaternions and isogenies.
Journal of Cryptology, 37, Article 12.

Galbraith, S. D. (2025). Mathematics of Public Key
Cryptography (3rd ed.). Cambridge University Press.

Garg, R. (2019). On finite p-groups whose central
automorphisms are all n-th class-preserving. Bulletin
of the Iranian Mathematical Society, 46, 417—423.

Garg, R., & Singh, M. (2025). Coincidence of the n-
th class-preserving and subcentral automorphism
groups of finite p-groups. Communications in
Algebra, 53, 3892-3898.

Golasinski, M., & Gongalves, D.
automorphisms  of  finite  abelian
Mathematica Slovaca, 58, 405-412.

Han, G., & Zhou, Q. (2016). Automorphism groups
of finite abelian p-groups and transvections.
Communications in Algebra, 44, 1411-1419.

(2008). On
p-groups.

Helleloid, G. (2007). Automorphism Groups of Finite
p-Groups: Structure and Applications [Doctoral
dissertation, Stanford University]. Stanford Digital
Repository.

Herfort, W., & Weigel, T. (2023). Automorphism
towers of elementary abelian p-groups. Journal of
Pure and Applied Algebra, 227(8), 107346.

Hillar, C., & Rhea, D. (2007). Automorphisms of
finite abelian groups. The American Mathematical

April, 2026



Monthly, 114, 917-923.

Huffman, W. C., & Pless, V. (2023). Fundamentals
of Error-Correcting Codes (2nd ed.). Cambridge

University Press.
Hungerford, T. W. (1980). Algebra. Springer.

Jain, V., Rai, P., & Yadav, M. (2013). On finite p-
groups with abelian  automorphism  group.

International Journal of Algebra and Computation,

23, 1063-1078.

MacWilliams, F. J., & Sloane, N. J. A. (1977). The
Theory of Error-Correcting Codes. North-Holland.

Mader, A. (2013). The Automorphism Group of
Finite Abelian p-Groups. Preprint, University of
Hawaii.

Robinson, D. J. S. (1996). A Course in the Theory of
Groups (2nd ed.). Springer.

Sendrier, N., & Simos, D. E. (2023). Cryptanalysis
of McEliece cryptosystem variants based on quasi-

cyclic codes. Designs, Codes and Cryptography, 91,
2041-2058.

Singh, S., Garg, R., & Kalra, H. (2024). On noninner
automorphisms of some finite p-groups. Bulletin of

the Australian Mathematical Society, 111, 524-529.

The GAP Group. (2022). GAP - Groups,
Algorithms, and Programming, Version 4.12.

https://www.gap-system.org

Osun State University - UIBAS Publication Volume 1 (1)

Page | 199

April, 2026



