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ABSTRACT 

Free convective MHD nanofluid flow is significant due to its enhanced heat transfer 
characteristics coupled with wide engineering applications, including solar thermal 
collectors, electronic cooling systems, chemical reactors, and metallurgical 
operations, among others. Thus, the problem of free convective reactive 
magnetohydrodynamic (MHD) nanofluid transport over a vertical disk with nonlinear 
radiative heat flux and chemical reaction coupled with Arrhenius-type activation 
energy is investigated in this study. The mathematical model is expressed as a set of 
partial differential equations derived from the conservation laws of mass, momentum, 
energy, and concentration, considering the effects of Brownian motion, 
thermophoresis, magnetic field, and porosity on the flow field. Relevant similarity 
variables are employed to transform the initially developed partial differential 
equations into a system of nonlinear ordinary differential equations, while the 
required solution is numerically obtained using the Runge–Kutta–Fehlberg method 
together with the shooting technique. The outcomes of this computational analysis 
are presented graphically to illustrate the impact of the emerging physical parameters 
on the velocity, temperature, and concentration profiles. The results show that 
nonlinear thermal radiation enhances the thermal boundary layer and raises the 
temperature of the fluid, while increased activation energy slows down the chemical 
reaction rate, thereby increasing the concentration distribution of nanoparticles. 

1. INTRODUCTION 
The understanding of free-convective flow is essential 

for optimizing thermal efficiency, controlling boundary 

layer development, and minimizing energy losses in 

advanced thermo-fluid systems. The wide range of real-

life applications arising from free convection in 

engineering and technological processes such as found 

in solar energy systems, nuclear reactors, cooling of 

electronic devices, and chemical processing equipment 

has attracted considerable attention from researchers 

(Kumar, 2001; Abro, 2020 & Jha et al., 2022). Free-

convective flow, otherwise known as natural 

convection, occurs due to the generation of buoyancy 

forces induced by temperature or concentration gradient 

within the fluid, instead of external mechanical 

forcing. Such phenomena are frequently 

encountered in natural and engineering systems 

where fluid motion is induced by density variations 

resulting from thermal heating or species diffusion. 

Although several geometrical configurations have 

been examined in the literature (Abro, 2020 & Jha 

et al., 2022), disk-type geometries are particularly 

relevant to applications in rotating machinery, 

polymer extrusion, coating processes, and thermal 

material treatment, where surface heating initiates 

fluid motion (Khan, 2021 & Siddiqa et al., 2016). 

In view of its wide-ranging applications, free 
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convective heat and mass transfer has been 

extensively investigated under diverse geometrical 

configurations and physical conditions. For instance, 

Krishna et al. (2019) analytically studied free 

convective micropolar fluid flow over an infinite 

vertical porous plate using a regular perturbation 

method, incorporating the effects of an inclined 

magnetic field, Hall current, thermal radiation, and 

chemical reaction. Dinarvand and Pop (2017) 

examined laminar free convection and thermal 

behavior of an electrically conducting fluid under 

magnetic field influence over a rotating vertical cone. 

Fatunmbi et al. (2022) numerically analyzed free 

convective flow over an exponentially stretching 

sheet, accounting for boundary slip, buoyancy forces, 

viscous dissipation, and radiative heat flux. The same 

phenomenon was further studied by Ahmed et al. 

(2023) on a vertically stretching disk, incorporating 

Brownian motion and thermophoretic effects. 

However, the ever-increasing requirement for better 

thermal efficiency in contemporary engineering and 

technological structures calls for the utilization of 

highly efficient heat transmission fluids, such as 

nanofluids, to optimize system performance in these 

fields. 

Nanofluids are colloidal blend of nanoparticles 

suspended in base fluids (e. g. water, oil, ethylene 

glycol, etc.), resulting in better thermal conductivity 

of those fluids and improving convective heat 

transfer characteristics than those of ordinary fluids 

(Choi 1995 & Devendiran, 2016). The dispersion of 

nanoparticles significantly improves the 

thermophysical properties of base fluids, enabling  

diverse applications in transport and automotive 

engineering, pharmaceutical and drug manufacturing, 

solar energy systems, heat exchangers, electronic 

device cooling, aerospace thermal management, and 

biomedical drug delivery (Devendiran, 2016; 

Nadeem, 2016 & Mishra, 2021). Several nanofluid 

models have been proposed in the literature; 

however, the Buongiorno model distinctly identifies 

Brownian motion and thermophoresis as the 

dominant mechanisms responsible for nanoparticle 

transport (Nadeem, 2016; Mishra2021 & 

Turkyilmazoglu, 2017 & 2021). This model 

introduces additional terms into the energy and 

nanoparticle concentration equations, providing a 

more realistic description of coupled heat-mass 

transfer processes. Consequently, application 

abounds in predicting heat transfer enhancement in 

solar collectors, electronic cooling systems, and 

biomedical thermal applications. Accordingly, many 

researchers have employed this framework 

(Turkyilmazoglu, 2021 & Fatunmbi, 2023). For 

instance, Alao et al. (2025) examined the thermal and 

unsteady flow characteristics of nanofluids using the 

Tiwari–Das model over an expanding or contracting 

porous channel, Fatunmbi and Adeniyan (2020) 

numerically analyzed MHD micropolar nanofluid 

flow over a nonlinearly stretching sheet with thermal 

radiation and variable thermophysical properties, 

while Salawu et al. (2021) investigated heat and mass 

transfer in MHD Maxwell nanofluid flow over an 

expanding plate with nonuniform fluid properties. 

However, incorporating thermal radiation, and 

particularly the nonlinear type in the flow and heat 
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transfer dynamics of nanofluids has been found to be 

crucial in various engineering applications. 

Thermal radiation describes heat transfer through 

electromagnetic waves. In flow regimes 

characterized by large temperature differences, 

nonlinear thermal radiation provides a more accurate 

representation of heat transfer phenomena. Such 

conditions arise in diverse engineering and 

technological applications, including solar energy 

systems, astrophysical flows, advanced electronic 

cooling (such as electronic ship cooling), and glass 

and polymer manufacturing processes. In this regard, 

Guedri et al. (2023) developed an unsteady 

mathematical model to examine the thermal 

efficiency of a micropolar nanofluid over a 

contracting plate under nonlinear thermal radiation 

effects. Their results indicated an improvement in the 

non-dimensional Nusselt number due to the 

magnification of thermal radiation parameter. 

Makinde et al. (2017) investigated boundary-layer 

flow dynamics of a micropolar fluid over an 

expanding surface incorporating melting heat 

transfer effects. Fatunmbi and Adeniyan (2020) 

numerically analyzed magneto-micropolar fluid flow 

with nonlinear thermal radiation and entropy 

generation, reporting an enhancement of the thermal 

field with increasing temperature ratio parameter. 

Tong et al. (2021) extended this concept to a non-

Newtonian Oldroyd-B nanofluid, accounting for slip 

effects, activation 

energy, convective thermal conditions, and 

Cattaneo–Christov heat flux. 

Chemical reactions, together with activation energy, 

play a significant role in free convective flow 

mechanisms, particularly in systems where heat and 

mass transfer are coupled. The presence of this term 

alters the species concentration field and, 

consequently, modifies the buoyancy force arising 

from thermal and/or concentration gradients. These 

modifications directly influence the velocity, thermal, 

and concentration properties of the flow (Hamid, 

2018 & Khan, 2020). Moreover, the least energy 

needed for a chemical reaction to occur in a system is 

termed as activation energy. It is a fundamental 

parameter in kinetics, which describes the 

relationship between temperature and reaction rates. 

In various scientific and engineering fields, including 

materials engineering, environmental systems, and 

thermal engineering, coupled chemical reactions with 

activation energy are essential in the analysis of heat 

transfer properties, combustion reactions, solar 

thermochemical systems, and pollutant degradation 

mechanisms (Khan, 2020; Majeed, 2018 & Fatunmbi, 

2020). Thus, many researchers have considered the 

effects of these terms, particularly in heat-mass 

related systems in different geometries. For instance, 

Goud and Dharmaiah (2023) examined the influence 

of activation energy alongside Ohmic heating on 

nanofluid flow under linear thermal radiation, 

reporting an increase in concentration profiles with 

higher activation energy. The analysis of heat-mass 

transfer in a Casson nanofluid experiencing activation 

energy, viscous dissipation, and non-Fourier heat flux 

over an inclined expanding plate was considered by 

Meenakumari et al. (2025), whereas Elbashbeshy 
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et al. (2023) employed the Legendre–Galerkin 

numerical method to study the role of activation 

energy in heat–mass transfer flow with Marangoni 

effects over a circular surface. Additional relevant 

studies can be found in Majeed et al. (2023); Mustafa 

(2017); Fatunmbi et al. (2023) & Salawu et al., 

(2024a & 2024b). However, none of these studies 

has reported on the flow and heat-mass transfer 

mechanism of the combined effects of these 

parameters over a disk in spite of various 

applications. 

Thus, the present study aims to combine the effects 

of these parameters to investigate the flow dynamics 

and heat-mass transfer phenomena of nanofluid over 

a vertically stretching disk. The formulated model 

incorporates the effects of chemical reaction, porous 

medium, magnetic field, nonlinear thermal radiation, 

internal heat source, and Arrhenius activation energy 

on free convective heat–mass transfer in nanofluids 

using Buongiorno’s model. The novelty of the study 

lies in the simultaneous incorporation of these 

physical mechanisms within a single mathematical 

framework, which allows for a more realistic 

description of the flow and heat–mass transfer 

processes. This extended model provides deeper 

insight into their coupled influence over the disk, 

thereby enhancing the predictive capability of 

existing models. The governing equations are solved 

numerically, and the results are presented graphically 

and discussed with relevance to real-life engineering 

and technological applications. The outcomes of this 

study provide valuable insights into improving 

thermal and mass transport performance in advanced  

energy systems, the design and optimization of 

modern thermo-fluid materials, chemical reactors, 

and other high-temperature process systems. 

2. Problem Formulation and Modelling 

The development and formulation of the descriptive 

equations for the present investigation are premised 

on the assumptions that the flow is non-transient, 

incompressible and moves over a three-dimensional 

radially stretchy disk consisting of minutes 

nanoparticles. The 3D radially stretching disk model 

accounts for radial expansion from the centre of the 

disk with a velocity proportional to radial distance. 

The thermophysical properties of the fluid are taken 

to be uniform apart from the buoyancy term included 

in the momentum equation. The surface coordinate 

system is symbolized by  while the disk 

stretches linearly in both  and  directions. The 

velocities at the wall are represented by  and 

 in both directions respectively. The 

temperature differences between the surface and the 

ambient fluid induces free convection effects while a 

uniform transverse magnetic field  is applied along 

the -direction without consideration for induced 

magnetic field. The strength of the magnetic field is 

defined as . This uniform magnetic field simplifies 

this analysis while still being able to account for the 

essential electromagnetic effects produced by fluid 

flow. The thermal field is assumed to experience 

large difference in the temperature and as such, the 

nonlinear thermal radiation is applied. A uniform 

volumetric heat generation/absorption with rate   
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included in the thermal region without considering viscous dissipation effects. The 

nanoparticle concentration is developed using the Buongiorno model which incorporates 

Brownian motion and thermophoresis influence of the tiny particles. In the mass 

concentration field, a first-order irreversible chemical reaction is included with the Arrhenius 

activation energy. 

 

 

 

 

Figure 1: Flow Geometry 

 

2.1. Governing Equations 

In reference to highlighted assumptions and considering boundary layer and Boussinesq 

approximations, the relevant governing equations are thus stated (Ahmed et al., 2023). 
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The respective conditions at the wall for the controlling equations (1) --(6) are expressed as: 

 

In these equations, the respective components of velocities are  and  along the 

 and  directions. The conditions at the stretching surface ( ) assumes that the fluid 

adheres to the surface and transport with those velocities in the - and -directions, and such, 

no-slip condition is assumed. At the same time, there is no fluid penetration through the 

surface, The surface temperature and concentration are taken to be constant  and 

. The conditions at far field from the surface ( ) signifies that the stretching 

influence vanishes, and the fluid is quiescent in the free stream. More so, the temperature 

approaches the ambient value  while the nanoparticle concentration approaches the 

ambient value , indicating mass transfer equilibrium. The pressure approaches the free-

stream pressure far from the surface ( ). 

2.2. Similarity transformation 

 

Upon substituting quantities (8) into equations (1-6) together with the wall conditions (7), the 
underlisted ODEs are obtained: 
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From the z-component of the momentum equation (4), the normalized pressure term is 
obtained thus: 

 

 

 

Moreover, equation (16) shows the transmuted wall conditions as: 

 

Equation (18) is the emerging physical quantities derivable from the descriptive equations. 
Their descriptions are recorded in Table 1: 

 

The various symbols and letters used for representing various quantities and parameters as 

featured in equations (1-21) are described in Table 1. 

Table 1: Symbolic description of various letters and parameters 

Symbols Symbols description Symbols Symbols description 

 
velocity components 

 
temperature 

 
kinematic viscosity 

 
fitted rate constant 

 
fluid density 

 
surface temperature 

 
fluid viscosity 

 
Prandtl number 

 
fluid thermal conductivity 

 
nonlinear thermal radiation parameter 

 
electrical conductivity 

 
free stream temperature 

 
concentration at upstream 

 
Convective parameter 

 
thermophoresis parameter 

 
Coefficient of heat generation 

 
Chemical rate of reaction 

 
Schmidt number 

 
concentration at upper disk 

 
concentration 
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Brownian term 

 
Activation energy parameter 

 
permeability of the porous medium 

 
porosity parameter 

 
Pressure 

 
thermal radiation parameter 

 
heat capacity 

 
gravitational acceleration 

 
thermal conductivity 

 
Boltzmann constant 

 
activation energy parameter 

 
chemical reaction parameter 

 

2.3. Quantities of Engineering Interest 

The skin frictional factor, local Nusselt and Sherwood numbers are included as the physical 

quantities of interest, they are respectively described as follows: 

 

Where 

 

The respective quantity in equation (19) is simply the wall shear stress heat flux and mass 

flux. Using the similarity transformation variables (9) to obtain the complete non-dimensional 

physical quantities expression: 

 

Where the local Reynolds number is denoted by: 
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3.0 Solution Methodology 

The solution to the transformed equations  is obtained numerically by employing the 

shooting technique together with Runge-Kutta-Fehlberg method (RKFM). This technique is 

used due to the high nonlinearity of the governing equations, which makes obtaining closed-

form analytical solutions practically impossible. The shooting method is engaged to convert 

the BVP into an IVP by guessing the unknown initial conditions, integrating the system, and 

iteratively adjusting the guesses until the boundary conditions at infinity are satisfactorily 

obtained. The RKFM is then used to integrate the resultant set of first-order ordinary 

derivatives. The RKFM provides highly accurate, stable, and efficient results for nonlinear 

differential equations. It automatically adjusts the step size to maintain the desired error 

tolerance, making it particularly suitable for stiff or sensitive systems. Various authors have 

used RKFM and shooting methods in the literature due to 

its reliability and accurate numerical solutions. The numerical computation was done using 

an initial step size of  with a convergence criterion of , while the upstream 

boundary condition at infinity was truncated at With the introduction of nine state 

variables: 

 

Using the definitions above, the equivalent first-order system  is 

 

For the energy equation, we define the auxiliary coefficient 

 

Then the equation for  becomes 
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Consequently, the concentration equation gives . Upon substitution into the 
governing equation, we obtain 

 

For the boundary conditions, the transformed conditions both at the wall ( ) and at far 
field  are: 
 
At  (wall)and at the far field  are respectively given as: 
 

 

There are four initial derivatives that are unspecified at , these are 

 

Thus, the IVP initial vector at  is 

 

Table 2 shows the computed values of the temperature gradient  and the microrotation 

gradient  for different Prandtl numbers, as compared with previously published results 

(Ahmed et al., 2023; Wang, 2007). As demonstrated in the table, an excellent agreement is 

observed from the present findings as compared with previous data under some limiting 

scenarios, thereby validating the accuracy and reliability of the current numerical scheme.  

Table 2: Data of temperature gradient  and skin friction coefficient  for varying 

 as compared with published works when 

. 

 

 

Wang (2007) Ahmed et al. (2023) Present study 

      

0.2       

0.7       

2.0       

7.0       

20       
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70       

200      

4. Results Analysis and Discussion 

Here, many graphs are presented to showcase the impact of some physical parameters on the 

non-dimensional transport profiles. Unless otherwise stated in the figures, the default 

computational parameter values employed for various graphs as carefully selected from 

existing related studies are: 

 

 
 

Figure 2: Axial velocity plot for varying       Figure 3: Radial Velocity plot for  

 

In Figure 2, the character of  on the axial velocity curves is presented. There is a consistent 

decline of this profile as the magnetic parameter increases. This behaviour arises because a higher 

M induces a stronger Lorentz force that opposes the axial motion of the conducting fluid, weakens 

momentum transport, and reduces the boundary layer thickness. Hence, larger magnetic field 

strengths suppress axial fluid spreading over the disk. Similarly, the radial velocity profile 

diminishes with increasing M as pictured in Figure3. This trend indicates that the Lorentz force 

counteracts the buoyancy-driven upward motion, thereby reducing the intensity of natural 

convection. Consequently, an increase in M produces a thinner boundary layer and suppresses the 

radial velocity. 
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Figure 4:Tangential velocity curve for 

varying       

Figure 5: Thermal profile for changes in   

 

Figure 4 illustrates the tangential velocity profile (f^' (η)) as M increases. From the graph, 

observation reveals that the applied magnetic field suppresses the swirl motion of the electrically 

conducting fluid. As G(η) tends to zero, the profile is consistent with the far- boundary condition, 

indicating that stronger magnetic fields effectively reduce the strength of rotational motion in the 

flow. Contrary to trend in Figure 4, the temperature profile magnifies with increasing M as 

demonstrated in Figure 5. Such occurrence stemmed from the impact of the Lorentz force which 

acts as a resistive drag, reducing the fluid velocity and thereby decreasing convective heat transfer 

further from the disk, which thickens the thermal boundary layer. The electrically conducting 

nanofluid induces Ohmic heating, which correspondingly boost the energy in the fluid. 

Consequently, an increase in M elevates the fluid temperature, suggesting that magnetic effects 

can be utilized to control thermal retention in magneto-nanofluid flow applications. 

  

Figure 6: Axial velocity curve for varying  Figure 7: Radial velocity profile for  
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Figures 6, 7, and 8 show that the axial, radial, and tangential velocity profiles decrease as the 

porous parameter  increases. This reduction is due to the resistive Darcy drag of the porous 

medium, which opposes fluid motion and thickens the momentum boundary layer. In 

contrast, Figure 9 illustrates growth in the temperature profile emanating from escalating 

values of . The slow fluid motion reduces convective heat removal from the disk, while 

viscous and Ohmic dissipation within the porous medium add energy to the fluid. 

Consequently, higher  values enhance thermal retention in the magneto-nanofluid flow. 

 
 

Figure 8: Tangential velocity curve for    Figure 9: Thermal variation for rising  

  

Figure 10: Tangential velocity for varying 
     

Figure 11: Thermal profiles for   

 

Figures 10, 11, and 12 show the impacts of  on the profile of the tangential velocity, 

thermal and concentration distribution, respectively. Observation reveals that there a lift in all 

the three profiles as  upsurges. In the physical sense, the term thermophoresis induces a 
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migration of the nanoparticles from high temperature regions to lower temperature. This 

phenomenon improves the fluid momentum due to the extra particle flux, which slightly 

accelerates the tangential velocity.  

  

Figure 12: Concentration profile for  Figure 13: Tangential velocity for rising  

  

Figure 14: Thermal profile for varying Nb Figure 15: Concentration profile for in Nb 

 

Also, this migration causes an accumulation nanoparticle near the surface and thereby raises 

the thermal energy within the boundary layer, which thus strengthens the heat distribution as 

depicted in Figure 11. Likewise, the nanoparticle concentration near the disk enhances due to 

the thermophoretic motion, thickening the concentration boundary layer. It is therefore 

confirmed that higher intensity of   favours fluid transport mechanism as well as heat-mass 
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transfer in the MHD nanofluid flow over a disk. As pictured in Figures 13–14, increasing the 

Brownian motion term  enhances the tangential transport mechanism and significantly 

elevates the heat distribution in the system. This behaviour occurs because a higher  

intensifies the random motion of nanoparticles, thereby increasing microscopic energy 

exchange and promoting thermal energy transport in the fluid. Consequently, the heat 

bounding surface layer increases. In contrast, the concentration profile decreases with 

increasing , as shown in Figure 15. This reduction is attributed to the intensified random 

movement of nanoparticles, which promotes their diffusion away from the disk surface, 

thereby weakening nanoparticle accumulation near the wall and reducing concentration levels 

within the boundary layer. 

  

Figure 16: Velocity profiles for varying  Figure 17: Concentration profiles for  

It is observed in Figure 16 that the tangential velocity accelerates due to rising values of . 

This is because the buoyant force in the flow field increases as  magnifies. This buoyant 

force overcomes the viscous resistance in the flow field, thereby increasing the velocity. The 

impact of activation energy   on the profile is depicted in Figure 17. From the figure, it is 

noted that with the increase in ,  the rate at which a chemical reaction occurs in the fluid is 

reduced. This is because, with high activation energy, a significant amount of energy is 

required for a reaction to take place, thus a reduced rate, and hence the consumption of the 

species is reduced. This leads to an increase in the nanoparticle concentration profile . 
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    Figure 18: Concentration profile for          Figure 19: Temperature profile for rising  

Figure 18 captures the reaction of the nanoparticle concentration profile (  as  varies 

in magnitude. From this graph, there is a decline in the concentration profile as the magnitude 

of  increases. This is because when  increases, it promotes the rate of the chemical 

reaction, which boost the rate at which nanoparticles are consumed near the surface of the 

disk, hence reducing the concentration profile. As shown in Figure 19, the impact of the 

nonlinear radiation parameter  on the temperature distribution is presented. It can be noted 

that the temperature profile increases with an increase in the value of . This happens because 

the nonlinear form of thermal radiation increases the radiative heat flux in the fluid. 

Consequently, additional thermal energy is transferred to the fluid, leading to an increase in 

the thermal boundary layer and the temperature profile. 

  

Figure 20 Radial surface drag for varying      Figure 21: Tangential surface drag for   
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The drag on the radial surface (  is seen to increase with an increase in the porosity 

parameter , as depicted in Figure 20. This is mainly because, with an increase in , the 

resistance in the porous medium is also increased, thus slowing down the flow and increasing 

the shear stress on the radial surface. On the other hand, the drag on the tangential surface 

(  is seen to decrease with an increase in , as depicted in Figure 21. This occurs 

because the tangential momentum in the fluid is damped by the porous matrix, thus reducing 

the shear stress on the tangential surface. 

5.0 Concluding Remarks 

The phenomenon of flow and heat transfer 

characteristics of free convective and reactive magneto-

nanofluid flow over an expanding vertical disk is 

analyzed in this study. The governing equations 

representing the physical model are formulated as 

coupled nonlinear partial derivatives and subsequently 

transformed into a system of nonlinear ordinary 

derivatives sing appropriate similarity transformations. 

The transmuted model is numerically integrated via the 

shooting technique combined with the Runge–Kutta–

Fehlberg integration scheme. The numerical outcomes 

exhibited excellent agreement with previously published 

results under limiting conditions, thereby confirming the 

correctness of the present computational technique. The 

major findings derived from this investigation are 

summarized as follows: 

 Magnetic parameter suppresses axial, radial, and 

tangential velocities due to Lorentz force effects, 

reducing momentum boundary layer thickness, 

whereas the thermal region escalates in the presence 

of this parameter.  

 Porous parameter decreases all velocity 

components via Darcy resistance but increases 

surface drag in the tangential direction, 

and also temperature due to internal 

dissipation. 

 Thermophoresis parameter enhances 

temperature, and nanoparticle 

concentration by driving particles toward 

cooler regions, thickening thermal and 

concentration boundary layers but the 

Brownian motion term suppresses 

concentration owing to nanoparticle 

dispersion away from the disk surface. 

 The convective parameter increases 

tangential velocity by strengthening 

buoyancy forces whereas the skin 

frictional factor in the radial direction 

declines as the porosity term amplifies. 

 The concentration field diminishes with 

higher values of the chemical reaction due 

to enhanced particle consumption; in the 

same way the activation energy increases 

nanoparticle concentration by slowing the 

chemical reaction rate. The thickness of 

the temperature profiles is raised as 

temperature ratio (nonlinear thermal 

radiation term) and Brownian motion  
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parameters elevate in the energy region. 
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